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EMBEDDING THEOREMS FOR HARMONIC MULTIFUNCTION
SPACES ON Rn+1+
ROMI F. SHAMOYAN AND MILOSˇ ARSENOVIC´†
Abstract. We introduce and study properties of certain new multi functional
harmonic spaces in the upper half space. We prove several sharp embedding
theorems for such multi functional spaces, these results are new even in the
case of a single function.
1. Introduction and auxiliary results
The theory of harmonic function spaces in the single function case is well devel-
oped by various authors during last decades, see [16], [17], [9]. The main goal of
this paper is to define, for the first time in the literature, multi functional harmonic
spaces and to establish some properties of these spaces. The proofs we found and
provided below are short modifications of proofs in the case of a single function,
but even in this special case our results are new. We believe these new interesting
objects can serve as a base for further generalizations and investigations.
Analytic analogues of theorems on multi functional spaces we obtained below
were proved in recent papers of the first author [11], [12]. We intend to expand
these results to more general harmonic function spaces based on several functions
in higher dimension. Let us note that these topics are new even in the classical case
of harmonic function spaces on the unit disk.
We set H = {(x, t) : x ∈ Rn, t > 0} ⊂ Rn+1. For z = (x, t) ∈ H we set
z = (x,−t). We denote the points in H usually by z = (x, t) or w = (y, s). The
Lebesgue measure is denoted by dm(z) = dz = dxdt or dm(w) = dw = dyds, the
Lebesgue measure of a measurable set E ⊂ H is often denoted by |E|. We also use
measures dmλ(z) = t
λdxdt, λ ∈ R.
The space of all harmonic functions in a domain Ω is denoted by h(Ω). Weighted
harmonic Bergman spaces on H are defined, for 0 < p <∞ and λ > −1, by
A(p, λ) = A(p, λ)(H) =
{
f ∈ h(H) : ‖f‖A(p,λ) =
(∫
H
|f(z)|pdmλ(z)
)1/p
<∞
}
.
These spaces are complete metric spaces, for 1 ≤ p <∞ they are Banach spaces.
For f ∈ h(H) and t > 0 we set Mp(f, t) = ‖f(·, t)‖Lp(Rn), 0 < p < ∞ with the
usual convention in the case p =∞. We use harmonic mixed norm spaces
(1) Bp,qα =
{
f ∈ h(H) : ‖f‖q
Bp,qα
=
∫
∞
0
M qp (f, t)t
αq−1dt <∞
}
,
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where 0 ≤ p <∞, 0 < q <∞ and harmonic Triebel-Lizorkin spaces
(2) F p,qα =
{
f ∈ h(H) : ‖f‖p
Fp,qα
=
∫
Rn
(∫
∞
0
|f(x, t)|qtαq−1dt
)p/q
dx <∞
}
,
where again 0 < p ≤ ∞ and 0 < q ≤ ∞, the case q = ∞ is covered by the usual
convention. These spaces are complete metric spaces and for min(p, q) ≥ 1 they
are Banach spaces. For details on A(p, λ) spaces and more general Bp,qα spaces see
[7]; Triebel-Lizorkin spaces were studied, in the case of analytic functions, by many
authors, see for example [15].
By X-Lp Carleson measure (or simply X Carleson measure when p is clear from
the context) of a (quasi)-normed subspace X of h(Ω) we understand those positive
Borel measures µ on Ω such that
(3)
(∫
Ω
|f |pdµ
)1/p
≤ C‖f‖X , f ∈ X.
Typical cases are Ω = B = {x ∈ Rn : |x| < 1} and Ω = H. In the case Ω is the unit
disc and X is the analytic Hardy space Hp we have a classical notion of Carleson
measures on the unit disc. The cases of harmonic spaces can be found, for example,
in [4] and much earlier in [14].
One of the goals of this paper is to find complete descriptions of Carleson mea-
sures for certain new harmonic function spaces in higher dimension, and also in
the multi function case, in the latter case some restrictions on the parameters in-
volved usually appear. We note that recently several new papers appeared where
embedding theorems for analytic spaces in the unit disk were obtained and where
the classical expression
∫
B
|f |pdµ was modified, generalized or changed to certain
expressions of G(f, µ, p), see for example [8], [18]; see also an earlier paper [5]. In
these papers descriptions of measures for which G(f, µ, p) ≤ C‖f‖X were presented.
Our sharp embedding theorems 2, 3, 4 and 8 we present below are of this character,
and the spaces we deal with are defined using the above mentioned idea. On the
other hand, our theorems 1, 5 and 6 give results modeled after (3), but in multi
functional case.
We use common convention regarding constants: letter C denotes a constant
which can change its value from one occurrence to the next one. Given two positive
quantities A and B, we write A ≍ B if there are two constants c, C > 0 such that
cA ≤ B ≤ CA.
Many of the results of this paper rely on the following three key auxiliary results.
The first one is a concrete Whitney decomposition into cubes of the upper half space,
the second one is essentially subharmonic behavior of |f |p for harmonic f and for
0 < p <∞ and the third one describes geometric properties of Whitney cubes.
Lemma 1 ([16]). There exists a collection {∆k}
∞
k=1 of closed cubes in H with sides
parallel to coordinate axes such that
1o. ∪∞k=1∆k = H and diam∆k ≍ dist(∆k, ∂H).
2o. The interiors of the cubes ∆k are pairwise disjoint.
3o. If ∆∗k is a cube with the same center as ∆k, but enlarged 5/4 times, then
the collection {∆∗k}
∞
k=1 forms a finitely overlapping covering of R
n+1
+ , i.e. there is
a constant C = Cn such that
∑
k χ∆∗k ≤ C.
MILOSˇ ARSENOVIC´ AND ROMI F. SHAMOYAN 3
Lemma 2 ([6]). Let ∆k and ∆
∗
k be the cubes from the previous lemma and let
(ξk, ηk) be the center of ∆k. Then, for 0 < p <∞ and α > 0, we have
(4) ηαp−1k maxz∈∆k
|f(z)|p ≤
C
|∆∗k|
∫
∆∗k
tαp−1|f(x, t)|pdxdt, f ∈ h(H), k ≥ 1.
Lemma 3 ([16]). Let ∆k and ∆
∗
k are as in the previous lemma, let ζk = (ξk, ηk)
be the center of the cube ∆k. Then we have:
(5) mλ(∆k) ≍ η
n+1+λ
k ≍ mλ(∆
∗
k), λ ∈ R,
(6) |w − z| ≍ |ζk − z|, w ∈ ∆
∗
k, z ∈ H,
(7) t ≍ ηk, (x, t) ∈ ∆
∗
k.
Since the cubes from the above Lemmata appear quite often in this paper, we
fix the following notation: ∆k and ∆
∗
k are the cubes from Lemma 1, centered at
ζk = (ξk, ηk), k ≥ 1.
We also need the following integral estimate.
Lemma 4 ([10]). If α > −1 and n+ α < 2γ − 1, then
(8)
∫
H
tαdz
|z − w|2γ
≤ Csα+n+1−2γ , w = (y, s) ∈ H.
The following definition introduces certain multi functional spaces that appeared
in the setting of analytic functions in the unit ball in Cn in [13].
Definition 1. Let s > −1 and ~p = (p1, . . . , pm) where 0 < pi <∞. We denote by
A(~p, s,m) the set of all m-tuples (f1, . . . , fm) of functions harmonic in H such that
(9) (f1, . . . , fm)A(~p,s,m) =
∫
H
m∏
i=1
|fi(z)|
pitsdm(z) <∞.
If pi = p, i = 1, . . . ,m, we write simply A(p, s,m).
For the first part of the following proposition see [2], for the second one see [1].
Note that the first part gives a simple estimate of the A(~p, λ,m) norm, while the
second one gives an estimate of trace in A(p, λ) norm.
Proposition 1. 1o. Let 0 < pi < ∞, −1 < si < ∞, fi ∈ A(pi, si)(H) for
i = 1, . . . ,m and set λ = (m− 1)(n+ 1) +
∑m
i=1 si. Then
(10) (f1, . . . , fm)A(~p,λ,m) ≤ C
m∏
i=1
‖fi‖
pi
A(pi,si)
.
2o. Let 0 < p <∞ and s1, . . . , sm > −1. Set λ = (m− 1)(n+ 1) +
∑m
j=1 sj. Then
there is a constant C > 0 such that for all f ∈ h(Hm) we have
(11)∫
H
|f(z, . . . , z)|pdmλ(z) ≤ C
∫
H
· · ·
∫
H
|f(z1, . . . , zm)|
pdms1(z1) . . . dmsm(zm).
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2. Embedding theorems for multi functional spaces of harmonic
functions
In this section we give several sharp embedding theorems for multi functional
spaces of harmonic functions, necessary and sufficient conditions turn out to be
Carleson-type conditions.
The following theorem is an analogue for harmonic functions spaces of Theorem
3 from [11].
Theorem 1. Let µ a positive Boreal measure on H. Assume 0 < pi, qi < ∞,
i = 1, . . .m, satisfy
∑m
i=1
1
qi
= 1 and let α > −1. Then the following two conditions
on the measure µ are equivalent.
1o. If fi, i = 1, . . . ,m are functions harmonic in H, then we have
(12)
∫
H
m∏
i=1
|fi(z)|
pidµ(z) ≤ C
m∏
i=1
[
∞∑
k=1
(∫
∆∗k
|fi(z)|
pitαdz
)qi]1/qi
.
2o. The measure µ satisfies a Carleson type condition:
(13) µ(∆k) ≤ C|∆k|
m(1+ αn+1 ), k ≥ 1.
Proof. Let us assume µ satisfies condition (13). Then we have, using Lemma 1
and Lemma 2:∫
H
m∏
i=1
|fi(z)|
pidµ(z) =
∞∑
k=1
∫
∆k
m∏
i=1
|fi(z)|
pidµ(z) ≤
∞∑
k=1
µ(∆k)
m∏
i=1
sup
∆k
|fi|
pi
≤ C
∞∑
k=1
µ(∆k)η
−m(n+1+α)
k
m∏
i=1
∫
∆∗k
|fi(w)|
pisαdw
≤ C
∞∑
k=1
m∏
i=1
∫
∆∗k
|fi(w)|
pisαdw.
Now one arrives at estimate (12) by applying Holder’s inequality for sums with
exponents q1, . . . , qm.
Now we assume (12) holds. We fix k ∈ N and choose fi(z) = f(z) = |z− ζk|
1−n.
Clearly
m∏
i=1
|fi(z)|
pi = |z − ζk|
−(n−1)
∑m
i=1 pi .
Therefore (12), combined with Lemma 3, gives
µ(∆k)
η
(n−1)
∑m
i=1 pi
k
≤ C
∫
∆k
|z − ζk|
−(n−1)
∑m
i=1 pidµ(z) ≤ C
∫
H
m∏
i=1
|fi(z)|
pidµ(z)
≤ C
m∏
i=1
∫
∆∗k
tαdz
|z − ζk|
pi(n−1)
≤ C
m∏
i=1
|∆k|η
α−pi(n−1)
k ,
and (13) easily follows. 
The spaces defined below were considered, in the case of analytic functions on
the unit ball in Cn, in [12].
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Definition 2. Let 0 < p, q < ∞ and let µ be a positive Borel measure on H. The
space A(p, q,m, dµ) is the space of all (f1, . . . , fm) where fi ∈ h(H) for i = 1, . . . ,m
such that
(14) ‖(f1, . . . , fm)‖
q
A(p,q,m,dµ) =
∞∑
k=1
(∫
∆k
m∏
i=1
|fi(z)|
pdµ(z)
)q/p
<∞.
If dµ = dms, then we write A(p, q,m, s) for the corresponding space, if m = 1 we
write A(p, q, dµ) or A(p, q, s) if dµ = dms.
Lemma 5. Let 0 < s <∞ and β > −1. Then we have
(15)
∫
H
|f(z)|stβdxdt ≍
∞∑
k=1
ηn+1+βk sup
∆k
|f |s, f ∈ h(H).
We omit an easy proof based on Lemma 1 and Lemma 3.
Theorem 3.1 from [12] served as a model for the following theorem.
Theorem 2. Let 0 < p, q <∞, 0 < s ≤ q, βi > −1 for i = 1, . . . ,m and let µ be a
positive Borel measure on H. Then the following conditions are equivalent.
1o. If fi ∈ A(s, βi), i = 1, . . . ,m, then
(16) ‖(f1, . . . , fm)‖A(p,q,m,dµ) ≤ C
m∏
i=1
‖f‖A(s,βi).
2o. The measure µ satisfies a Carleson type condition:
µ(∆k) ≤ Cη
∑m
i=1
p(n+1+βi)
s
k , k ≥ 1.
Proof. Assume 2o holds and choose fi ∈ A(s, βi), i = 1, . . . ,m. Since 0 < s/q ≤ 1
we have, using Lemma 5
‖(f1, . . . , fm)‖
s
A(p,q,m,dµ) =

 ∞∑
k=1
(∫
∆k
m∏
i=1
|fi(z)|
pdµ(z)
)q/p
s/q
≤
(
∞∑
k=1
µ(∆k)
q/pmax
∆k
m∏
i=1
|fi|
q
)s/q
≤ C
∞∑
k=1
m∏
i=1
ηn+1+βik max∆k
|fi|
s
≤ C
m∏
i=1
(
∞∑
ki=1
ηn+1+βik max∆k
|fi|
s
)
≤ C
m∏
i=1
‖fi‖
s
A(s,βi)
,
and we proved implication 2o ⇒ 1o.
Conversely, assume 1o holds and choose l ∈ N0 such that s(n+ l−1) > n+β+1.
We use, as test functions, functions fζk,l, k ∈ N where
(17) fw,l(z) =
∂l
∂tl
1
|z − w|n−1
, z ∈ H,
see [1] for norm and pointwise estimates related to these functions. In particular
we have
(18) ‖fζk,l‖A(s,βi) ≤ Cη
−(n−1+l)+
n+βi+1
s
k , k ≥ 1, 1 ≤ i ≤ m
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and
‖(fζk,l, . . . , fζk,l)‖A(p,q,m,dµ) ≥
(∫
∆k
|fζk,l(z)|
mpdµ(z)
)1/p
≥ Cµ(∆k)
1/pη
−m(n+l−1)
k .(19)
The last two estimates combined with (21) give 2o. 
The corresponding result for mixed norm spaces is the following theorem.
Theorem 3. Let 0 < p, q < ∞, 0 < s ≤ q, βi > −1 for i = 1, . . . ,m, 0 < ti ≤ s
for i = 1, . . . ,m and let µ be a positive Borel measure on H. Then the following
conditions are equivalent:
1o. If fi ∈ B
s,ti
(βi+1)/s
, i = 1, . . . ,m, then
(20) ‖(f1, . . . , fm)‖A(p,q,m,dµ) ≤ C
m∏
i=1
‖f‖
B
s,ti
βi+1
s
.
2o. If fi ∈ F
s,ti
(βi+1)/s
, i = 1, . . . ,m, then
(21) ‖(f1, . . . , fm)‖A(p,q,m,dµ) ≤ C
m∏
i=1
‖f‖
F
s,ti
βi+1
s
.
3o. The measure µ satisfies a Carleson type condition:
µ(∆k) ≤ Cη
∑m
i=1
p(n+1+βi)
s
k , k ≥ 1.
Proof. Since A(s, β) = Bs,s(β+1)/s, the previous theorem, combined with embed-
dings Bs,t(β+1)/s →֒ B
s,s
(β+1)/s and F
s,t
(β+1)/s →֒ B
s,s
(β+1)/s, valid for 0 < t ≤ s, gives
implications 3o ⇒ 1o and 3o ⇒ 2o.
Now we assume 2o holds. Let us choose l ∈ N0 such that s(n+ l−1) > n+β+1.
Set, for w = (y, σ) ∈ H, fi(z) = f(z) = fw,l(z), i = 1, . . . ,m, see (17). We have,
see [1]:
(22) ‖fw,l‖F s,tβ+1
s
= Cσ
n
s−(n−1+l−
β+1
s ).
Let us fix a cube ∆k. Using pointwise estimates from below for functions fw,l, see
[1], we obtain:
µ(∆k)
1/pη
−m(n−1+l)
k ≤ C
(∫
∆k
|fw,l(z)|
mpdµ(z)
)1/p
≤ C‖(f1, . . . , fm)‖A(p,q,m,dµ), k ≥ 1.(23)
Now combining (23), (22) with w = ζk and (21) gives µ(∆k) ≤ Cη
∑m
i=1
p(n+1+βi)
s
k
and 3o follows.
The implication 1o ⇒ 3o can be proved using the same test functions fw,l as
above, relevant estimates of Bp,qα norm of these functions can be found in [1] and
we leave details to the reader. 
For w = (y, s) ∈ H we set Qw to be the cube, with sides parallel to the coordinate
axis, centered at w with side length equal to s.
Our next multi functional embedding theorem is motivated by Theorem 3.6 from
[12], which deals with the case of a single analytic function on the unit ball in Cn.
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Theorem 4. Let 0 < p, q < ∞ and 0 < σi ≤ q, −1 < αi < ∞ for i = 1, . . . ,m.
Let µ be a positive Borel measure on H. Then the following two conditions are
equivalent:
1o. For any m-tuple (f1, . . . , fm) of harmonic functions on H we have
(24) ‖(f1, . . . , fm)‖
q
A(p,q,m,dµ) ≤ C
m∏
i=1
∫
H
(∫
Qw
|fi(z)|
σitαidz
)q/σi
dw.
2o. The measure µ satisfies the following Carleson-type condition:
(25) µ(∆k) ≤ Cη
m(n+1) pq+
∑m
i=1
p(n+1+αi)
σi
k , k ≥ 1.
Proof. Let us prove 2o ⇒ 1o assuming m = 1. Let f ∈ h(H), then we have,
using Lemma 1, Lemma 2 and Lemma 3:
‖f‖qA(p,q,dµ) =
∞∑
k=1
(∫
∆k
|f(z)|pdµ(z)
)q/p
≤
∞∑
k=1
(
max
∆k
|f |pµ(∆k)
)q/p
=
∞∑
k=1
max
∆k
|f |qη
q( n+1+ασ +
n+1
q )
k
≤ C
∞∑
k=1
(∫
∆∗
k
|f(z)|σt−n−1dz
)q/σ
η
q(n+1+ασ +
n+1
q )
k
≤ C
∞∑
k=1
(∫
∆∗k
|f |σdz
)q/σ
η
n+1+qα/σ
k .
We continue this estimation, using Lemma 2 and Lemma 3, and obtain
‖f‖qA(p,q,dµ) ≤ C
∞∑
k=1
(∫
∆∗k
(∫
Qz
|f(w)|σsαdw
)
t−n−1−αdz
)q/σ
η
n+1+qα/σ
k
≤ C
∞∑
k=1
(∫
∆∗k
(∫
Qz
|f(w)|σsαdw
)
t−n−1dz
)q/σ
ηn+1k
≤ C
∞∑
k=1
∫
∆∗k
(∫
Qz
|f(w)|σsαdw
)q/σ
t−n−1dz ηn+1k(26)
≤ C
∞∑
k=1
∫
∆∗k
(∫
Qz
|f(w)|σsαdw
)q/σ
dz
≤ C
∫
H
(∫
Qz
|f(w)|σsαdw
)q/σ
dz,
arriving at (24) for m = 1. Note that at (26) we used Holder’s inequality and at
the last step we used finite overlapping property of the cubes ∆∗k.
Now we assume 1o, and again we restrict ourselves to the case m = 1. Let us
choose l ∈ N0 such that q(n− 1+ l) > q(n+1+α)/σ+n+1. Let us fix a cube ∆k
centered at ζk = (ξk, ηk). We use a construction from [1], where interested reader
can find more details. Namely, there are constants c > 0 and δ > 0 such that for
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all w ∈ H we have
(27) |Tw| = c|Qw|, Tw = {z ∈ Qw : |fw,l(z)| > c|z − w|
−(n−1+l)}.
Next, using a compactness argument, one shows that for w = (y, s) ∈ H there are
points wj = (yj , sj) ∈ H, 1 ≤ j ≤ N , such that sj ≍ s and Qw = ∪
N
j=1Twj ∩ Qw.
Here N depends only on n and l. We apply this argument to w = ζk, it easily
follows that there is θk = (uk, vk) ∈ H such that µ(Tθk ∩ ∆k) ≥ N
−1µ(∆k) and
vk ≍ ηk. Now we choose f = fθk,l as a test function. We have
‖f‖qA(p,q,dµ) ≥
(∫
∆k
|f(z)|pdµ(z)
)q/p
≥
(∫
∆k∩Tθk
|f(z)|pdµ(z)
)q/p
≥ Cµ(∆k ∩ Tθk)
q/pv
−q(n−1+l)
k
≥ Cµ(∆k)η
−q(n−1+l)
k .(28)
On the other hand, using Lemma 3 and Lemma 4, we have∫
H
(∫
Qw
|f(z)|σdmα(z)
)q/σ
dw ≤ C
∫
H
(
sn+1+α
|w − θk|σ(n−1+l)
)q/σ
dw
≤ Cv
q
σ (n+1+α)−q(n−1+l)+n+1
k
≤ Cη
q
σ (n+1+α)−q(n−1+l)+n+1
k .
This estimate, combined with (28) and (24) (with m = 1), gives desired estimate
(25) for m = 1.
The general case m > 1 can be proved along the same lines, multiple sums as
in the proof of Theorem 2 appear. Since no new ideas are involved we can leave
details to the interested reader. 
As a preparation for our next result we state and prove the following lemma.
Lemma 6. Let α > −1, 0 < τ <∞. Then there is a constant C such that for any
measurable function u(z) ≥ 0 on H we have
(29) ηn+1k
(∫
∆∗k
u(z)dmα(z)
)τ
≤ C
∫
∆∗k
(∫
Qw
u(z)dmα(z)
)τ
dw, k ≥ 1.
Proof. Let us denote the left hand side by Lα and the right hand side, without
constant C, by Dα. Since Lα ≍ η
α
kL0 and Dα ≍ η
α
kD0 it suffices to consider the
special case α = 0. Let qw denote the cube centered at w = (y, s) ∈ H, with side
length equal 4s/5. Then we have ∆∗k = ∪
N
i=1qwi for suitable w1, . . . , wN ∈ ∆
∗
k where
N depends only on n. Therefore (29) reduces to the following estimate:
(30) ηn+1k
(∫
qw
u(z)dm(z)
)τ
≤ C
∫
∆∗k
(∫
Qw˜
u(z)dm(z)
)τ
dw˜, w ∈ ∆∗k.
Now we fix w ∈ ∆∗k. Clearly,
∫
qw
u(z)dm(z) ≤
∫
Qw˜
u(z)dm(z) whenever qw ⊂ Qw˜,
and the estimate (30) follows from the simple observation, based on the sizes of qw
and Qw, that
|Ek| ≥ cη
n+1
k , Ek = {w˜ ∈ ∆
∗
k : qw ⊂ Qw˜}. 
In the following theorem we allow for different exponents pi.
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Theorem 5. Let 0 < pi, σi < ∞, −1 < αi < ∞ for i = 1, . . . ,m. Let µ be a
positive Borel measure on H. Then the following two conditions are equivalent:
1o. For any m-tuple (f1, . . . , fm) of harmonic functions on H we have
(31)
∫
H
m∏
i=1
|fi(z)|
pidµ(z) ≤ C
m∏
i=1
∫
H
(∫
Qw
|fi(z)|
σidmαi(z)
)pi/σi
dw.
2o. The measure µ satisfies the following Carleson-type condition:
(32) µ(∆k) ≤ Cη
m(n+1)+
∑m
i=1
pi(n+1+αi)
σi
k , k ≥ 1.
Proof. Let us assume (31) holds. We choose l ∈ N such that
pi(n− 1 + l) > n+ 1 +
pi
σi
(n+ 1 + αi) i = 1, . . . ,m.
We fix a cube ∆k and take as test functions fi = f = fθk,l, i = 1, . . . ,m, where
θk = (uk, vk) is chosen as in Theorem 4. Then we have, using Lemma 4:
η
−(n−1+l)
∑m
i=1 pi
k µ(∆k) ≤ C
∫
Tθk∩∆k
m∏
i=1
|fi(z)|
pidµ(z) ≤ C
∫
H
m∏
i=1
|fi(z)|
pidµ(z)
≤ C
m∏
i=1
∫
H
(∫
Qw
|fi(z)|
σidmαi(z)
)pi/σi
dw
≤ C
m∏
i=1
∫
H
(
sn+1+αi
|θk − w|σi(n−1+l)
)pi/σi
dw
≤ Cv
m(n+1)+
∑m
i=1
pi(n+1+αi)
σi
−(n−1+l)
∑m
i=1 pi
k
≤ Cη
m(n+1)+
∑m
i=1
pi(n+1+αi)
σi
−(n−1+l)
∑m
i=1 pi
k
which gives (32). Conversely, we assume now (32). Using finite overlapping prop-
erty of ∆∗k we obtain
m∏
i=1
∫
H
(∫
Qw
|fi(z)|
σidmαi(z)
) pi
σi
dw ≥ C
∞∑
k=1
m∏
i=1
∫
∆∗k
(∫
Qw
|fi(z)|
σidmαi(z)
) pi
σi
dw
and we have also an obvious estimate∫
∆k
m∏
i=1
|fi(z)|
pidµ(z) ≤ µ(∆k)
m∏
i=1
max
z∈∆k
|fi(z)|
pi
≤ Cη
m(n+1)+
∑m
i=1
pi(n+1+αi)
σi
k
m∏
i=1
max
z∈∆k
|fi(z)|
pi .
Therefore it suffices to prove, for each k ≥ 1 and 1 ≤ i ≤ m:
η
n+1+
pi(n+1+αi)
σi
k maxz∈∆k
|fi(z)|
pi ≤ C
∫
∆∗k
(∫
Qw
|fi(z)|
σidmαi(z)
)pi/σi
dw.
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However, for k ≥ 1 and 1 ≤ i ≤ m, using Lemma 2 and Lemma 6 we obtain:
η
n+1+
pi(n+1+αi)
σi
k maxz∈∆k
|fi(z)|
pi ≤ Cηn+1k
(∫
∆∗k
|fi(z)|
σidmαi(z)
) pi
σi
≤ C
∫
∆∗k
(∫
Qw
|f(z)|σidmαi(z)
) pi
σi
dw
and the proof is completed. 
The following theorem is motivated by Theorem A from [13]. It gives a very
general and flexible method of obtaining multi functional results starting from a
uniform estimate for a single function.
Theorem 6. Let µ be a positive Borel measure on an open proper subset G of
Rn and let (Xi, ‖ · ‖Xi) be a (quasi)-normed space of functions harmonic in G,
1 ≤ i ≤ k. Let d(x) = dist(x, ∂G), x ∈ G and 0 < qi < ∞, −1 < βi < ∞ for
i = 1, . . . , k. Assume
(33) sup
x∈G
|fi(x)|
qid(x)βi ≤ C‖fi‖
qi
Xi
, fi ∈ Xi, i = 2, . . . , k
and
(34)
∫
G
|f1(x)|
q1dµ(x) ≤ C‖f1‖
q1
X1
, f1 ∈ X1.
Then
(35)
∫
G
k∏
i=1
|fi(x)|
qid(x)β2+···+βkdµ(x) ≤ C
k∏
i=1
‖fi‖
qi
Xi
, fi ∈ Xi.
We refer the reader for the proof by induction to [13], where arguments readily
extend to the present situation. We also note that the above theorem can be
extended to weights more general than d(x), however it is precisely the case of d(x)
where uniform estimates of type (33) are available. For example, if G = H, then
d(z) = t and we have an estimate
|f(z)|pd(z)n+1+α ≤ C‖f‖pA(p,α), f ∈ A(p, α), z ∈ H.
Therefore, taking dµ(z) = ts1dxdt we obtain the following corollary.
Corollary 1. If 0 < pi <∞, −1 < si <∞, fi ∈ A
(pi, si)(H) for i = 1, . . . ,m and
α > −1, then
(36)
∫
H
m∏
i=1
|fi(z)|
pit(n+1)(m−1)+
∑m
i=1 sidz ≤ C
m∏
i=1
‖fi‖
pi
A(pi,si)
Using embedding Bp,qα →֒ B
p,p
α , 0 < q ≤ p < ∞, see [7], we deduce another
corollary.
Corollary 2. If 0 < qi ≤ pi < ∞, −1 < si < ∞ and fi ∈ B
pi,qi
si for 1 ≤ i ≤ m,
then
(37)
∫
H
m∏
i=1
|fi(z)|
pitn(m−1)+
∑m
i=1 sipi−1dz ≤ C
m∏
i=1
‖fi‖
pi
B
pi,qi
si
.
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Let Dβf denote the Riesz potential of f ∈ h(H) with respect to t variable. Using
estimate
(38)
∫
H
|f(z)|ptαp−1dz ≤ C
∫
H
|Dβf(z)|ptαp−1+βpdz = Nα,β,p(f), f ∈ h(H)
which is valid for 0 < p < ∞, α, β > 0, see Theorem 7 from [3], we obtain the
following corollary.
Corollary 3. Let 0 < si, pi <∞ and fi ∈ A(pi, si) for i = 1, . . . ,m. Then we have
(39)
∫
H
m∏
i=1
|fi(z)|
pit(n+1)(m−1)+
∑m
i=1 sidz ≤ C
m∏
i=1
Nsi,β,pi(fi).
Similar assertions can be obtained easily also in the unit ball B.
Let Hp(B), 1 < p < ∞, stand for the harmonic Hardy space on the open unit
ball.
Proposition 2. Let fi ∈ H
pi(B) where 1 < pi < ∞ for i = 1, . . . ,m. Then we
have
(40)
∫
S
m∏
j=1
|fj(rξ)|
pjdσ(ξ) (1 − r)(m−1)n ≤ C
m∏
j=1
‖fj‖
pj
Hpj
.
Similarly, if fi ∈ H
pi(H) where 1 < pi <∞ for i = 1, . . . ,m then we have
(41)
∫
Rn
m∏
j=1
|fj(x, t)|
pjdx t(m−1)n ≤ C
m∏
j=1
‖fj‖
pj
Hpj
.
The proof is by induction on m, using estimate
(42) |f(x)|p(1− |x|)n ≤ C‖f‖pHp , f ∈ H
p(B),
and an analogous one for the case of the upper half space.
Lemma 7. Let β > 0 and 1 < p <∞. Then the operator S defined by
(43) Sg(z) =
∫
H
(
tn
|z − w|2n
)1+β
g(w)dmβn−1(w), z ∈ H,
is bounded on Lp(H, dmβn−1).
For a similar result for analytic functions in the unit ball see [19].
Proof. We use Schur’s test, see [19] for statement and applications to related
problems. Let 1/p+1/q = 1 and set h(z) = tλ, where λ will be subject to additional
conditions. Using Lemma 4 we obtain
(44)
∫
H
(
tn
|z − w|2n
)1+β
sλqdmβn−1(w) ≤ Ct
λq,
provided −βn < λq < βn+ n. Similarly we have
(45)
∫
H
(
tn
|z − w|2n
)1+β
tλpdmβn−1(w) ≤ Ct
λp,
provided −n− 2βn < λp < 0. Clearly, a parameter λ satisfying all the inequalities
exists, it suffices to choose max(−βn/q, (−n−2βn)/p) < λ < 0. Schur’s test implies
that S is bounded on Lp(H, dmβn−1) for all 1 < p <∞. 
The following result was proved for analytic functions in [12] (Theorem 3.3).
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Theorem 7. Let 0 < p < q < ∞, α > 0 and let µ be a positive Borel measure on
H. Then the following two conditions are equivalent:
1o.
(46)
∫
H
(∫
H
(
tn
|z − w|2n
)1+αq
dµ(z)
) q
q−p
dmαqn−1(w) <∞.
2o.
(47)
∞∑
k=1
η
−(αqn+n) pq−p
k µ(∆k)
q
q−p <∞.
Proof. Let us prove implication 1o ⇒ 2o. We have
∞ >
∫
H
(∫
H
(
tn
|z − w|2n
)1+αq
dµ(z)
) q
q−p
dmαqn−1(w)
≥ C
∞∑
k=1
∫
∆k

 ∞∑
j=1
∫
∆j
(
tn
|z − w|2n
)1+αq
dµ(z)


q
q−p
dmαqn−1(w)
≥ C
∞∑
k=1
∫
∆k
(∫
∆k
(
tn
|z − w|2n
)1+αq
dµ(z)
) q
q−p
dmαqn−1(w)
≥ C
∞∑
k=1
η
−(αqn+n) pq−p
k µ(∆k)
q
q−p ,
where in the first estimate we used Lemma 1 and in last one we used Lemma 3.
Next we prove 2o ⇒ 1o. Assume f : H→ R is subharmonic. Then |f |q/p is also
subharmonic and we have, using Lemma 2,∫
H
|f(z)|dµ(z) =
∞∑
k=1
∫
∆k
|f(z)|dµ(z) ≤
∞∑
k=1
sup
z∈∆k
|f(z)|µ(∆k)
≤
∞∑
k=1
(∫
∆∗k
|f(z)|q/pdmαqn−1(z)
)p/q
η
−p(n+αqn)
q
k µ(∆k).
Note that q/p and q/(q−p) are a pair of conjugate exponents, hence an application
of Holder’s inequality gives
(48)
∫
H
|f(z)|dµ(z) ≤ C‖f‖Lq/p(H,dmαqn−1)
[
∞∑
k=1
η
−(n+qnα)p
q−p
k µ(∆k)
q
q−p
] q−p
q
.
Note that here we used finite overlapping property of the family ∆∗k. Let us choose
g ∈ Lq/p(H, dmαqn−1), g ≥ 0, and set
f(z) = (Sg)(z) =
∫
H
(
tn
|z − w|2n
)1+αq
g(w)sαqn−1dw.
Since, for any fixed w ∈ H, the function tn/|z−w|2n is subharmonic it easily follows
that f is subharmonic. Moreover, the operator S is bounded on Lq/p(H, dmαqn−1)
by Lemma 7, i.e. ‖Sg‖Lq/p(H,dmαqn−1) ≤ C‖g‖Lq/p(H,dmαqn−1).
Now we apply (48) to f = S(g) and obtain
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∫
H
∫
H
(
tn
|z − w|2n
)1+αq
g(w)sαqn−1dwdµ(z)
≤C‖g‖Lq/p(H,dmαqn−1)
[
∞∑
k=1
η
−(n+qnα)p
q−p
k µ(∆k)
q
q−p
] q−p
q
.
Since the last estimate is true for any non negative g ∈ Lq/p(H, dmαqn−1), 1
o follows
by duality. 
An application of the above theorem to dµ(z) = |f(z)|q−pdmα(z) gives a char-
acterization of A(p, q, α) spaces for 0 < p < q <∞, α > −1, see [12].
Set rk = 2
−k, Ik = [rk+1, rk) and Hk = R
n × Ik for k ∈ Z.
Definition 3. Let µ be a positive Borel measure on H and let 0 < p, q < ∞. We
define the space Kpq (µ) as the space of f ∈ h(H) such that
(49) ‖f‖q
Kpq (µ)
=
∞∑
k=−∞
(∫
Hk
|f(z)|pdµ(z)
)q/p
<∞.
The spaces Kpq (µ) are harmonic Herz type spaces, related classes of spaces ap-
peared in literature, for example in [10]. Clearly these spaces include weighted
Bergman spaces: Kpp (ms) = A(p, s), 0 < p <∞, s > −1.
Note that theKpq (µ) (quasi) norm of f is the l
q norm of the sequence ‖f‖Lp(Hk,dµ),
−∞ < k <∞. Therefore we have:
(50) ‖f‖Kpq2(dµ) ≤ ‖f‖K
p
q1
(dµ), 0 < q1 ≤ q2 <∞.
Theorem 8. Let α > −1, 0 < p ≤ q <∞ and let µ be a positive Borel measure on
H. Then the following two conditions are equivalent.
1o. A(p, α) →֒ Kpq (µ).
2o. The measure µ satisfies the following Carleson type condition:
(51)
µ(∆j)
|∆j |
1+ αn+1
≤ C, j ≥ 1.
Proof. Sufficiency, for p = q, is proved in [1], and the general case follows from
the embedding (50).
Now we prove necessity, i.e. we assume 1o holds. We choose l ∈ N0 such that
p(n − 1 + l) > α + n + 1. Let us fix a cube ∆j and choose k ∈ Z such that
m(Hk ∩∆j) ≥ |∆j |/2. We use a test function f = fζj ,l:
‖fζj,l‖
q
Kpq (µ)
≥
(∫
Hk∩∆j
|fζj,l(z)|
pdµ(z)
)q/p
≥ C
[
µ(∆j)η
−p(n−1+l)
j
]q/p
= Cµ(∆j)
q/pη
−q(n−1+l)
j .(52)
Next we estimate A(p, α)-norm of fζ,l using Lemma 4:
(53) ‖f‖pA(p,α) =
∫
H
|fw,l(z)|
ptαdz ≤ C
∫
H
tαdz
|z − ζj |
p(n−1+l)
≤ Cη
α+n+1−p(n−1+l)
j .
Combining our assumption ‖f‖Kpq (µ) ≤ C‖f‖A(p,α) with (52) and (53) gives 2
o. 
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Remark 1. Sharp embedding theorems of the spaces Kpq (µ) into B
p,q
α and K
p
q (µ)
into F p,qα with some restriction on the indexes are also true and they follow from
Theorem 8 and here our arguments repeat arguments of proof of Theorem 3 which
was obtained from linear case (Theorem 2) and appropriate embedding results for
Bp,qα and F
p,q
α spaces.
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